Abstract. In this short note, we show that the Atiyah-Sutcliffe conjectures for n = 2m, related to the unitary groups U (2m), imply the author's analogous conjectures, which are associated with the symplectic groups Sp(m). The proof is based on the simple fact that the root system of U (2m) dominates that of Sp(m).
Introduction
In [5] , M.V. Berry and J.M. Robbins considered a new argument for the spin-statistics theorem in Quantum Mechanics. Their motivation was that the standard arguments for this theorem usually involves notions belonging to Quantum Field Theory, while the spin-statistics theorem itself is a quantum-mechanical statement. In [5] , the sign (−1)
which the wave function of a collection of n identical spin s particles picks up upon interchanging two of the particles, arises as a geometric Berry phase factor. However the discussion in [5] was mostly for two and three identical particles. To extend their work to n identical particles, the authors needed the existence of a certain map. This led to the formulation of the Berry-Robbins problem, which we will now state. Define C n (R 3 ) to be the configuration space of n distinct points in
Denote by U (n)/T n the symmetric space obtained as the quotient of the unitary group U (n) by a maximal torus T n , which we will take for simplicity to consist of all diagonal n-by-n matrices with entries in U (1).
The symmetric group Σ n on n letters acts on C n (R 3 ) by permuting the n (distinct) points in R 3 in every configuration, and it acts on U (n) by permuting the columns of every n-by-n unitary matrix. The latter action descends to an action of Σ n on U (n)/T n .
Berry-Robbins Problem: Does there exist, for each n ≥ 2, a continuous map
which is Σ n -equivariant (for the action of Σ n defined in the previous paragraph)?
The Berry-Robbins problem was solved positively by M.F. Atiyah in [1] . Nevertheless, M.F. Atiyah was not satisfied with that solution, and proposed another candidate map in [2] , which had more desirable features than the maps in [1] , being in particular smooth, and also SO(3)-equivariant (in addition to being Σ n -equivariant of course). However, for them to be genuine solutions of the Berry-Robbins problem, a linear independence statement had to hold. Let us refer to the latter as the linear independence conjecture, denoted simply by LIC. The LIC was further strengthened by M.F. Atiyah and P.M. Sutcliffe to two successively stronger statements in [4] , using a notion of normalized determinant function, referred to as the Atiyah-Sutcliffe determinant. The LIC, together with these two stronger conjectures, are referred to collectively as the Atiyah-Sutcliffe conjectures.
In his Edinburgh Lectures on Geometry, Analysis and Physics, M.F. Atiyah asked whether there exist similar maps corresponding to other Lie groups. As a partial answer to this question, the author of this article found in [6] a variant of the Atiyah-Sutcliffe maps for the symplectic groups Sp(m), instead of the unitary groups U (n). Moreover, conjectures similar to the Atiyah-Sutcliffe conjectures were formulated in [6] . Let us refer to this collection of conjectures as the symplectic conjectures.
The aim of the present note is to show that the Atiyah-Sutcliffe conjectures corresponding to U (2m) imply the symplectic conjectures corresponding to Sp(m). The key observation of the proof is that the root system U (2m) dominates that of Sp(m).
Review of the Atiyah-Sutcliffe Problem on Configurations of Points
Let x ∈ C n (R 3 ), and write x = (x 1 , . . . , x n ), where x a ∈ R 3 for every a, 1 ≤ a ≤ n. Consider the Hopf map
where C × R is identified with R 3 by identifying C with R 2 in the natural way (map ζ ∈ C to (x, y) ∈ R 2 , where x, resp. y, is the real, resp. imaginary, part of ζ).
For each pair of indices a, b, where 1 ≤ a, b ≤ n, a = b, we form the direction vector
A Hopf lift is of course only defined up to multiplication by a scalar in U (1) (h(λu) = h(u) for any λ ∈ U (1)). Once the Hopf lifts are all made, we then form for each pair of indices a, b (1 ≤ a, b ≤ n, a = b), the following polynomials
where t is a complex variable. Finally, we form the following polynomials
We can now state the LIC.
Conjecture (LIC). The polynomials p a , for 1 ≤ a ≤ n, are linearly independent over C.
We denote by (p 1 , . . . , p n ) the n-by-n matrix having as j'th column the coefficients of the polynomial p j , with the convention that they are ordered according to increasing powers of t. Similarly, we denote by (p ab , p ba ) the 2-by-2 matrix having as first (resp. second) column the coefficients of p ab (resp. p ba ), following a similar ordering convention on the coefficients of each polynomial. The Atiyah-Sutcliffe (normalized) determinant map
1≤a<b≤n det(p ab , p ba ) It is clear from the definition (2.2) of the Atiyah-Sutcliffe determinant D that the LIC is equivalent to the non-vanishing of the map D, i.e. D(x) = 0 for every x ∈ C n (R 3 ). In [4] , the authors actually conjectured a stronger statement (known as conjecture 2 in that article), namely the following.
Conjecture (Conjecture 2). For every
The authors of [4] also formulated an even stronger conjecture, referred to as Conjecture 3 in [4] , but we shall refer the interested reader to that article. The LIC, together with conjecture 2 and 3 are referred to collectively as the Atiyah-Sutcliffe conjectures.
The Symplectic Conjectures
We present the author's variant of the Atiyah-Sutcliffe problem on configurations of points, related to the symplectic groups Sp(m), instead of the unitary groups. Define
m ;x a = 0 for 1 ≤ a ≤ m and
We also define the set
Let us define a total order on I by
For each α ∈ I, we define
We then choose, for each α, β ∈ I, α = β, a Hopf lift
. Once the Hopf lifts are chosen, we then form, for each pair of indices α, β ∈ I, with α = β, the polynomials
where t is a complex variable. For each α ∈ I, we form the polynomial
Conjecture (Symplectic LIC). The polynomials p α , for α ∈ I, are linearly independent over C.
We now denote by (p 1 , p1, . . . , p m , pm) the 2m-by-2m matrix having the coefficients of p 1 as first column, and so on, where the coefficients of each polynomial p α are ordered by increasing powers of t.
We now define the symplectic analogue D S : C m (R 3 ) → C of the Atiyah-Sutcliffe determinant function by
1≤α<β≤m det(p αβ , p βα ) where the order relation < is the one defined in (3.1) .
The analogue of the Atiyah-Sutcliffe Conjecture 2 can now be formulated.
Conjecture (Symplectic Conjecture 2). For every x ∈ C m (R 3 ),
While an analogue of the Atiyah-Sutcliffe Conjecture 3 can also be formulated for the symplectic variant of the original problem, we shall refrain from discussing it, for brevity (the interesting reader can fill in the details if they wish to do so).
Proof of the Main Theorem
Consider the following linear mapping
where the e a (resp. the v α ) are the canonical basis vectors of R m (resp. R 2m ). Let us denote by x a , for 1 ≤ a ≤ m (resp. y α , for 1 ≤ α ≤ 2m), the linear forms on R m (resp. R 2m ) which form a dual basis of the e a (resp. the v α ). Denote by A the following subset of the dual space of R 2m A = {y α − y β ; 1 ≤ α, β ≤ 2m and α = β} and by C the following subset of the dual space of
The sets A and C are actually the root systems of U (2m) and Sp(m) respectively. Then it can be easily checked that (4.1) g * (A) = C.
The linear map g can be modified to a map
mapping (x 1 , . . . , x m ) ∈ C m (R 3 ) to (x 1 , −x 1 , . . . , x m , −x m ) ∈ C 2m (R 3 ).
It can now be easily checked that the 2m polynomials p α , for 1 ≤ α ≤ 2m, associated to a configuration x ∈ C m (R 3 ) via the symplectic maps, are the same (each up to a scalar factor) as the polynomials associated to the configurationĝ(x) ∈ C 2m (R 3 ) via the Atiyah-Sutcliffe maps. It then follows that (4.2) D S (x) = D(ĝ(x)).
Hence the symplectic conjectures for Sp(m) are implied by the AtiyahSutcliffe conjectures for U (2m), as claimed.
